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HOLDER REGULARITY
FOR NON-AUTONOMOUS
ABSTRACT PARABOLIC EQUATIONS

BY
GIUSEPPE DA PRATO'" AND EUGENIO SINESTRART'

ABSTRACT

This paper contains some existence and uniqueness results for the strict and
classical solutions u :[0, T]— E of the non-autonomous evolution equation
w'(t)=A(u(t)+f(t) in a Banach space E under the classical
Tanabe-Sobolevski assumptions. These results do not require use of the
fundamental solution and give new information about the hélder-regularity of
the solutions.

0. Introduction

The present paper is concerned with the strict solutions u : [0, T]— E of the
following time-dependent abstract evolution equation

[u'(t)=A(t)u(t)+f(t), O=t=T

) u(0)=x

where, for each t €[0, T], A(t) is the infinitesimal generator of an analytic
semigroup in a Banach space E. The domain of A(t), Dag, is supposed to
be independent of ¢ and t— A(t) to be holder continuous from [0, T] to
F(Dnq, E). With equivalent assumptions problem (P) was studied by Tanabe
[18], Sobolevski [16] and Poulsen [12] (see also Friedman [5],
Ladas-Lakshmikantham [8] and Tanabe {19]): they constructed the fundamental
solution for (P) and proved that if f is holder continuous then there exists a strict
solution of (P). In this work we do not need to introduce the fundamental
solution because we use some sharp regularity results for equation (P} in the
autonomous case (see for example Sinestrari [14]) to prove the existence of a
strict solution u whose derivative is holder continuous in [0, T}: this method
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seems to be more simple and gives new results (see comments before Theorems
4.2 and 4.3); moreover it enables us to extend these results to the non-linear
case, as will be done in a subsequent paper. Problem (P) has been considered in
L* spaces by Da Prato-Grisvard [2] by a method which cannot be directly
extended to our situation.

In section 1 we state the exact assumptions on the operators A(t): some
consequences of these hypotheses are derived in the appendix (at the end of the
paper) along with the proof of their equivalence with Tanabe’s and Sobolevski’s
assumptions.

In section 2 some intermediate spaces between D, and E are introduced to
state the above-mentioned sharp regularity results (in the holder spaces) for the
solutions of (P) in the autonomous case.

In section 3 we define the strict solution and the classical solution of (P) and we
demonstrate a uniqueness theorem. The proof of the existence of the strict and
of the classical solution is given in section 4. In the appendix are given additional
properties of A(t) which will be also needed in the future developments of the
results contained in this paper.

1. Preliminaries

We give now some definitions and notation which will be used later. Let E be
a Banach space with norm |- ||: if A: D, C E — E is a closed linear operator, D
will be always endowed with the graph norm | x (o, =||x ||+ [ Ax||. Let F be
another Banach space with norm |||, continuously embedded in E (ie.
F < E). We shall make the following assumptions:

1) foreacht €[0, T], A(t): DxyC E — E is the
infinitesimal generator of an analytic semigroup in E.

(II) fO" eacht € [0, T], DA(‘) o= F’
i.e. Dagy= Fand the norm |- ||o,,, is equivalent to || - ||¢.

From this it follows that A(t) € £(F, E). We shall also assume that:

(111) A:t— A(t) belongs to C* (0, T; £(F, E)),
i.e. is holder continuous with exponent a € 10, 1].

By substituting (if necessary) the unknown function of (P) with e *u(t) with
suitable 8 € R we obtain a problem which is equivalent to (P) (with respect to the
properties which will interest us): hence, as will be seen in Proposition A.5 of the
appendix, we can suppose that:
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(1v) there exist w <0, 8 € |7/2, 7] and M > 0 such that if
ANEw+S,={w+z,z€C—{0},]argz|<6}andt [0, T)
then we have A € p(A(t)) and

M
(1.1) ||R(/\»A(t))llms)§m
where p(A(t)) is the resolvent set of A(f) and R(A, A(1)=(A —A@) .
If s > ™ is the analytic semigroup generated by A(¢) from (1.1) it follows
(see Proposition A.6) that there exist M, (k =0,1,2,---) such that for each

t€[0; T]
(12) “SkAk (!)eM')’ “g(E)éMk for s =0.

Let us introduce now some notation about the vector valued function spaces
which we shall need.

Let E be a Banach space with norm |- | and a, a, b real numbers such that
0<a<1land a<b

C(a, b; E) is the Banach space of continuous functions

u:la,b]— E with norm ||u|lcws.e) = sup{|ju(®)],a =t = b},

C'(a,b;Ey={u € C(a,b;E), u’ exists in C(a, b; E)}.
C*?(a, b; E) is the Banach space of hélder continuous functions u : [a,b]— E
with exponent a and norm given by

u(t)—u

s
TG ,t,sE[a,b],t;és}.

Jullciser+sup |

h*(a, b; E) is the subspace of u € C*(a, b; E) satistying the following condi-
tion: for each & >0 there is 8. > 0 such that if | —s| < 8. then |u(t)—u(s)|=
e{t—s| It can be seen that h*(a,b; E) is the completion of C'(a,b;E) in
C*(a, b; E). For more details on h* spaces see Kufner-John-Fucik [7].

C"(a,b;E)={u €C'(a,b;E); u'€ C*(a,b; E)}. We give a similar defini-
tion for h"*(a,b; E).

Coa,b;E)={u € C(a,b;E),u(a)=0}.

Ci(a,b;E)={u € CYa,b;E),u(a)=0}.

C@a*,b;E)={u €C(e,b;E) for each ¢ €]0,b — a[}; a similar definition is
given for C'(a*,b;E), C*(a”,b;E) and C'*(a’,b; E).

2. Maximal regularity theorems in holder spaces

Let us consider now (P) in the autonomous case:
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{u’(¥)=/\u(3)+f(f),

@1 u(0) = x.

Here A:D,C E—E is the infinitesimal generator of a bounded analytic
semigroup {e*'} and f € C*(0, T; E); we know that (see e.g. Kato [6], Pazy [11])

2.2) u(t)y=e"x +f e f(s)ds, 0=t=T
4]

gives the unique u € C(0, T, E) such that (2.1) is verified for 0<t=T. By
introducing some intermediate spaces (between D, and E) it is possible to give
conditions on x and f(0) which ensure that u verifies (2.1) in [0, T] and
moreover u' € C°(0, T; E) (by taking f(¢)=const, it can be seen that this
property does not hold without conditions on x and f(0)).

DeriniTION 2.1. For each 0< 8 <1 let D4(6,=) be defined as
D, (6,°) = {x €E, sup le=?(e™x — x)| < 00}
with norm
Il =%+ sup 117 (e = ).

The function t—e*x is in C°(0, T;E) for some T>0 if and only if
x € D\(8,%).

The closure of D, in D,(6,°) can be characterized as the subspace of E
defined in the following way (see Butzer-Berens [1}):

DEerINITION 2.2.
D\(8)= {x €E, lim{lt™(e™x - = O} .

The function t—e*x is in h°(0,T;E) for some T>0 if and only if
x € DA(6).

The space D,(8,©) can be considered as a real interpolation space between
D, and E (the mean’s space S(®, &, Da;», &, E) with 1-6 = &(&— &)
according to the definition of Lions-Peetre [9]) and D,(#) as a continuous
interpolation space according to the definition of Da Prato—Grisvard [3] (see also
Sinestrari-Vernole [13]). The following properties are proved in Butzer-Berens

[1]:
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D\ (6,) = {x EE;supllt'Aex| < 00} ,
t>0

@.3)
D\(8)= {x €E; lim et °Aerx | = 0} .

We can write now the above-mentioned results about the maximal regularity of
the solutions of (2.1).

THEOREM 2.3. Let A: D, C E — E be the infinitesimal generator of an analy-
tic semigroup {e"'} satisfying

”eAt ”g(E)é M() and "tAeA‘ ”_(f(E)é M1, for t 20

Then, setting

2.4) (eA*f)(t)=L' e Of (s)ds, 0=t=T

we have the following results:

@) If fECUO,T;E) and x =0, then e"*f is a solution of (2.1) in [0, T]
satisfying e+ f € C°(0, T; D,)N C“°(0, T; E). Moreover there is K,>0 (de-
pending on M,, M, and T) such that for every f € C3(0, T; E)

(2.5) lle* * flicoorion = Killf lcoo.m:e)-

(i) If fEC’°(0,T;E), x €D, and Ax + f(0) € D,(6,) then the function u
given by (2.2) is a solution of (2.1) in [0, T] satisfying u € C°(,T;D))N
C"(0,T;E); if moreover fEh°(0,T;E) and Ax + f(0)& DA(8) then u€
h°@©,T; DMK, T;E).

Proor. In Da Prato-Grisvard [2] it is shown that e**f &€ C"*(0, T; E) and
in Sinestrari [14] the results of (ii) are proved.

ReEMARK 2.4. Theorem 2.3 holds with obvious modifications if [0, T] is
replaced by [t ;] CR..

ReEMARK 2.5. We call these regularity results “of maximal type” as they
prove that if f belongs to a suitable subspace X (= C°(0, T; E)or h°(0, T; E))
of C(0,T;E) then the solution of (2.1) exists and moreover u', Au € X
(provided x and f(0) satisfy suitable conditions). As will be seen in the next
sections, this kind of regularity is necessary to prove our theorems in the
non-autonomous case.
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3. Statement of the problem and uniqueness results
We shall study problem (P) under assumptions (I)-(IV) of section 1.

DerINITION 3.1, Let f € C(0, T; E). A functionu € C(0, T; F)N C'(0,T; E)
is a strict solution of (P) if u(0)=x and u'(t)=A()u(t)+f(t) for 0=t=T.

DerFNITION 3.2. Let f€C(,T;E). A function u€C(O,T;E)N
C@O", T; F)NC'(0",T;E) is a classical solution of (P) if u(0)=x and u'(t)=
AQu@)+f@t) for 0<t=T.

REMARK 3.3. Definition 3.1 is equivalent to the condition that (P) can be
considered as an equation in the function space C(0, T; E): in fact if (P) holds in
[0,T) and f,u’' € C(0, T; E) we have necessarily u € C(0, T; F). This can be
seen by writing u(t) = A~'(¢)[u’(t) - f(¢)] and taking into account the fact that
A'e 0, T; #(E, F)) (see Proposition A.7). Definition 3.2 is usual in the
parabolic equations when no restriction is imposed on the initial datum x (see
Tanabe [19] pp. 69 and 127).

It is possible to prove the uniqueness of the classical (and hence of the strict)
solution of (P). More precisely the following result holds:

THEOREM 3.4. Let 0=t,< T. If the functionu € C(to, T;E)N C(ts, T; F)N

C'(t5, T; E) verifies

u'(t)=A()u(r), t<t=T

3.1) { u(t) =0
then u =0 on [t, T).

This theorem will be demonstrated in a subsequent paper; as in section 4 we
will prove the existence of a classical (and of a strict) solution verifying the
following condition (see (4.6)): for each t, € [0, T] we have

¢ sup (6= 1) P A@u() <

with 0<1— B < a, then we will prove Theorem 3.4 here under the additional
assumption (3.2) on wu.

PROOF. Let us suppose by contradiction that #; = sup{t; u =0 on [to, t]} is less
than T. From the definition of ¢, we have that for each § €10, T —1,],

m= sup [w()|>0

H<tE1H+8
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where
w(t)=(—8)"PA@)u(t), h<t=tH+6.

Let us take tE]Jt,t,+8] and then £ €]0,¢t—4[. The function g(s)=
e 9y (s) is continuously differentiable in [t;+&,¢] hence from g(t)—
g(ti+e)=["__g'(s)ds and from (3.1) we get

u(t)— ey +e)= f e IA(s) — A(0)u(s)ds.

From this it follows that

w(t)—-(t—t) PAB)e Ut + £)

S-0) | AE) e I — A@)As)] (s ~ 1w (s)ds

fy+e

and hence for ¢ =0
w(t)=(— tl)“"J’ A e[ = AAT($)) (s — 1) 'w(s)ds.
From (A.9) and (A.11), of the appendix we deduce for each t € ]t;, ¢, + 8]

[w®)l= mKM(t ~1,)"* ft (t—s5)"'(s — 1)’ 'ds

1
= mKlMl(t - t;)a J' (1 - U)“ﬁlaﬁflda'
0
so that
1
m= mK1M16a J (1 - U')a—IO'BAIdO'.
[1]

As m >0, for 8§ sufficiently small we get a contradiction.

4. Existence of the strict and the classical solution

In this section we will prove our main results, i.e. the existence of strict and
classical solutions of (P) under suitable conditions on f and x.
To prove these results we need the following lemma:

LEmMMA 4.1. Let A:t— A(t) verify (D~(IV) of section 1. Setting
@.n F(t)= (A(t)— A(to)) e 9x O=t=t=T)

where
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4.2) x € Dyy(B,®) and 0=1-B<a<l
(we set Dyy,)(1,°)= Day,) we have
4.3) FEC;* (1o, T; E).
If moreover A€ h*(0, T; £(F, E)) we have
4.4 FEh§™* '(t, T; E).
Proor. From (4.2) and (2.3) there exists C, >0 such that
e 2 A(to)e " “Y'x||=Co, t=0.

By writing £>7? A’(to) e 'x = 1?7 A(to) e "**A(t)) e**”x we deduce the exis-
tence of Cp such that for each = 0:

72 A(to)e % ||= Cs,  t=0.
Let M,, M;, k >0 satisfy:
e e = Mo, [[tA(t) ™" ey = Mo,  t20,
NA@) = A lewe =S kit =5, t,s €[0, T}
For t,=s <t=T we can write:
F(t)- F(s) = (A(t) = A(5)) "9 ™0x + (A(s) — Ato)) (@ "x — @)
=IL+DL.
I - e = aoll-fone,)» We get
ML= k(= s) a(Mo+ Co(t — t)° )| x || = const(t — s)*#~"
and (when £, <s)

N LI = k(s — to) o] e wx — e "W wx ||

Al "

Now

i
Jerwwmin = e, = [ A vado
5

Dl\((o)

[ e onio]

[[vtgensr o]

éCOJ (O——to)”“’dcr+C('1f (o — o)’ ?do

and hence
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t

HIZH g k(S - t[))aa()(C()T + C(’))J' (0' - t())Bide' é const f (O' - t())a +672d0'

= const(r —s)*** 7.

This proves (4.3). The proof of (4.4) is similar. Ul

Under assumptions equivalent to ours (see Proposition A.8) and when x € F
and f € C*(0, T; E), Tanabe [18] and Sobolevski [16] proved the existence of a
strict solution u. Later Poulsen {12] demonstrated that u' € C*(0°, T: E) with
B <min(a, 8) (which was previously shown by Tanabe [17] in the case a =1)
and '€ C°(0, T;E) if x =f(0)=0.

With the aid of the preceding lemma we can add new results about the strict
solution:

THEOREM 4.2. Let A wverify (I)-(IV) of section 1 and let in addition A€
h*(0, T, L(F,E)). If we take fE€ C*(0, T;E) and x €F then there exists a
unique strict solution to (P). More precisely :

W) IffeC* (0, T;E), A€h*“(0,T;£(F,E)) and x € F, then there exists in
[0,T] a wunique strict solution u of (P) such that u€ C*(0",T;F)N
C" (0", T;E); if moreover A(0)x + f(0) € Drq(a, %) then u € C*(0, T; F)N
C"(,T;E).

(ii) If in addition f € h*(0", T; E), then u € h* (0", T; F)N h"* (0", T; E); if
moreover A(0)x + f(0) € Dag(a) then u € h*(0, T; F)Nh (0, T; E).

Proor. For fixed t, €0, T[ and x, € F, the problem

z2'(t) = A(to)z (t) + f(to), Lw=t=T
2 { z(to) = Xo
has a strict solution given by
4.5) z(t) = eV (xo+ A7 (to) f(t0)) — A7 (t0) f(to).
Hence
z€C*(t5, T; F)NC (13, T; E).
Now if a function v € C*(to, t,; F)N C"*(to, t:1; E) 0=t,<t,=T) is a strict

solution of

0'(1) = Alto)v (¢) + [A(t) — Alto)Jo(8) + [A(t) — A(t)]z () + () — f(t0),
V) { tLh=t=t

v (t()) = 0
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then, setting
u(t)=ov(t)+z(t),
we have that u belongs to the space
C*(ts, ti; FYN C* (85,113 E)
and is a strict solution of
u'(t)y=Aut)+ (1), Lh=t=t,
{ u(to) = xo.

(Po)

Let us set for t,=t=T

e (1) =[A()~ A(to)]z(6) + f(1) — f(t0).

As xo€F, feC*(0,T;E)and A€ C*(0, T; £(F, E)), taking B8 =1 in Lemma
4.1 we have ¢ € Ci(t, T; E).
Setting X = C*(to, 1; F), let us define for each v € X

S)(t)= f" e "W I[A(s) — Ato)]v (s)ds (L=t=1)

and set

ve(t) = f e W g (5)ds (L=t=1).
fo

As [A(-)— A(t)]o(-)E Ci(to, t1; E), from Theorem 2.3 we deduce that v,
S(v)€ X. From the same theorem we have that if v € X verifies

S) v=S8(v)+ v,

then v belongs to C®(, t;; E) N C"* (1o, t1; E) and is a strict solution to (V). Now
foreach v €X

IS@)lx =lle*®*[A(-) = At)]o (- )l
=K, “ A()- A(tO)HC“(lo-H:Y(F,E)) : ” v "x

with K, independent of t,, t;, and v (see (i) of Theorem 2.3). As A€
h*(0, T; £(F, E)), there exists 8 > 0 such that if |, — | < then ||S [lex, < 1.
Hence (V) can be solved in [#, t,] with ¢, = inf(t, + 8, T) and & independent of ¢,
and x,; so that the problem (P,) has a solution u € C*(t5, t:;; F)N C"*(t5, t1; E).
If we take #, = 0 and x, = x we obtain a strict solution u of (P) in [0, inf(8, T)).
If in addition A(O)x +f(0) € Dapfa,*), then u € C*(0,inf(s, T);F)N
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C"(0,inf(5, T); E). Now if § < T, we can set £, = 8, xo = u(8) € F and extend u
to a solution of (P) in [0,28] N[0, T}: proceeding in this way, we get a strict
solution u of (P) in [0, T]. As t can be chosen arbitrarily in [0, T[ and & is
independent of t,, then u € C*(0", T; F)N C"* (0", T; E) and (i) is proved.

To obtain (ii) it is sufficient to replace in the preceding proof C, C"* and
Dioyla,®) by A%, h"* and Dap(a ) respectively and to use (ii) of Theorem 2.3. [J

When f€ C°(0, T; E) and x € E, Tanabe [18] and Sobolevski [16] proved
(with the aid of the fundamental solution) the existence of a classical solution.
We will prove this result with a different method in a future paper; here we
consider only the case when x belongs to a suitable intermediate space between
F and E. In this case we obtain new information about the regularity of the
classical solution. More precisely we prove the following resuit about the
classical solution of (P).

THEOREM 4.3. Let A verify (I)-(IV) of section 1. Let 0< 9 <a <1 and set
B=0—a+1 Ifx €D,p(B,®)and f € C°(0, T; E), then there exists in [0, T| a
unique classical solution u of (P) such that u€ C*(0, T;E)YNC°(0", T;F)N
CY(", T;E). If in addition x € D;yo(B), AER*(0, T; $(F,E)) and f€
h°(0, T;E) then u € h*(0, T; E)NR°(0", T; F)N h**(0*, T; E).

ProOF. We proceed as in the proof of the previous theorem. The classical
sofution of the problem
{z’(t)=A(0)z(t)+f(O), O0=st=T
Z
(Z0) z(0)=x

is given by z(t) =™ (x + A'(0)f(0)) — A'(0)f(0). As x € D (B, ) we have
z €C?(, T;E).
If vEC’0,8;F)NC"(0,8;E) (0<8 =T) is a strict solution of

v'(t) = AQ)v (1) + [A(1) = AO)]o (1) + [A() =~ AO)])z (1) + f (1) - f(0)
(Vo) {0(0) -0

then setting for ¢t €(0,8], u(t)=v(t)+2(t) we have that u belongs to
C?(0,8; E)NC*(0°,8; F)NC"*(0*,8; E) and is a classical solution of

{ u'(t)y=Aut)+ (), 0=t=5,

(Po) u(0) = x.

If we set for t €[0, T):
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e(1) =[A(1) - AO)z (1) + (1)~ f(0)

we deduce from Lemma 4.1 that ¢ € C{0, T} E).
Setting X = C*?(0, 8; F) let us define for each s € X

S)(t)= f " INAG) - AO)]o(s)ds, O0=t=38
0
and set
volt) = J e Vp(s)ds, 0=t=8.
(]

As [A(-)-A@0)]v(-)E Ci0,5;E) from Theorem 2.3 we deduce that v,,
S(v) € X. From the same theorem we have that if v € X verifies

(So) v = S(v)+ Yo

then v belongs to C°(0,8; F)N C"*(0,8; E) and is a strict solution of (Vo).
Now for each v € X:

IS@)lx =lle*”*[A(-)— AO)]o(-)llx
= KJAC) - AQ)leso.s:erenlvllx

with K, independent of t, i and v (see (i) of Theorem 2.3). As A€E
C*(0, T; £(F,E))Ch°(0, T; #(F, E)), for sufficiently small § (< T), we have
[S|lexy<1 and problem (Po) has a classical solution u on [0,8] such that
u € C*(0,8;E). To complete the proof of the first part of the theorem, as
u(t) € F for0 <t = §, it is sufficient to apply Theorem 4.2 (with a replaced by 8)
to problem (P;) with 0 < t, = 8 and u(to) = xo. The last part of the theorem can be
obtained from the preceding proof with the same modifications indicated at the
end of the proof of Theorem 4.2.

ReMARK 4.4. The classical solution of Theorem 4.3 verifies the following
property: for each t, € [0, T[ we have

“0) sup [t~ ) F A <.

To prove this let us use the notation of the preceding proof: as u € C°(0%, T; F)
and (III) holds, it is sufficient to take ¢, =0 and to show that ||#'® A(1)u(t)| is
bounded in ]0,8]; when t €]0,8] we can write u(t)=v(t)+2z(t) with v €
C°(0,8;F) and z(t)= e (x + x,) + x; where x € Dx(B,®) and x, € F. Now
tEA() e = A(D)AT'(0) P A0)e*x and | A(1)AT(0)]|2) is bounded (see
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(A.4) in the appendix), so that we have supo<.=s [[1'* A(t)e*"x || < = by virtue of
(2.3). As v(1)+e*@x,+x, is in C(0,6;F) and (II) holds, the conclusion
follows.

ReMARK 4.5. By comparing (i) and (ii) of Theorem 4.2 we deduce that the
subspace in which there is the maximal regularity for (P) is h* and not C*: in
fact when f, A€ h* we can deduce u' € h*®, i.e. all the terms of equation (P)
belong to the same subspace of C(0, T; E).

Appendix

In this section we want to show how one can deduce from conditions (I)-(I1I)
on t— A(t) several propositions which enable us to prove that the resolvent of
A(#) contains a sector independent of ¢ and that our conditions are equivalent to
those of Tanabe [18] and Sobolevski [16]. Assumptions (I}-(III) can be rewritten
in the following form:

Let F — E be Banach spaces with norm |- |- and ||| respectively:

o for each t€[0,T], A(t): DryCE —E is the infinitesimal
generator of an analytic semigroup, i.e. Dy, is dense in E and
there are o, ER, M, >0, 6, € |7 /2, 7] such thatif A\ Ew, + Sy, =
{w,+2z;z€C, 2#0, |argz | < 6,} then A € p(A(t)) and

R, A@))|ee = I—)\le—.l :
(1D Foreacht €[0,T], Day= Fand ||- || is equivalent to | - ||,
{111 The function A :t — A(t) belongsto C*(0, T; L(F,E))(( < a <1).

In the following proposition we shall prove that |- [o,,, is equivalent to | - [,
uniformly for t € [0, T].

ProrosiTiON A.1. Let (I}-(I11) hold. Then there exist vy, and v such that for
each x EF and t €[0, T] we have

(A.1) yillxlle = lx [+ [A@x[[= ol x [l

Proor. Given £, €[0, T] from (II}) we deduce the existence of o, and 8, such
that for each x € F, aol|x |r =[x | + || A(toe)x || = Bol x [|r. Let 8o > 0 be such that if
[t — to] < 8 then || A(t) — A(to)||er.e) < aof2; hence
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%l = x 1+ [ ACG)x |+ [ A()x — Alto)x | = (Bo + @o/2) || x ||
and

1% 1o, Z 1 1+ I AG)x |~ | A% = Alto)x [ Z 51 e

By a compactness argument we obtain (A.1).
The next result shows that in condition (I) the numbers w,, M, and 6, can be
chosen independent of r €0, T].

PropPOSITION A.2. Let (I)-(III) hold. Then there exist w ER, M >0 and
0 €w/2, ] such that if A € @ + S, then A € p(A(t)) and

M
Aol

(A.2) IR, A@))l|ze) =
ProoF. Given t, € [0, T}, let @ € R, My > 0 and 6, € ]77/2, 7] be such that if
A E @yt S, then A € p(A(to)) and
M,
<
| R, At ey = e
Let us choose wo> @o: for each A € wo + Sq, Wwe get from Proposition A.1
Y1l R(A, A(to) |2y = [| R (A, A(t0)) 20000
=R, A(to)) [l + [ AR (A, Ate)) = 1l <cey
M, [A M,
= +1+ .
=gl A= G

Hence there is ¢, > 0 such that for each A € we+ Sq,
(A.3) IR (A, A(to)) |y = Co-
Let 8,> 0 be such that if |t — t] < 8, then ||A(fo) — A()|lewre) < (2co) . Hence

when A € wo+ Sq, and | — to] < §, there exists in L(E)

R(AA(1)) = R(A, A(t))[1+ (A(to) — A())R (A, A(t))] ™
and

IR (A, A(’))“ﬁ(E)*, 2M0 @l °

Setting

M0=2M0 sup L.A___E’.Ql

- b
AEwg+So, |)t - wo|

we proved that given 1, € [0, T] there are wo €ER, Mo, §,>0 and 6, € |7/2, 7]
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such that for each A Ewo+ Sy, and t € Jty— 8o, to+ 8] N[0, T} we have A €
p(A(1)) and

M

IR A e = M—_OTO' .

Let now t,,- - -, t, €[0, T] be such that {(t — &, & + 8 )}i—1.... is a finite covering
of [0, T]. By taking w = max; w;, 6 = min; 8, and

M=sup{M,-,u),1§i§n,A€w+se}
/\_‘(1),'

the conclusion follows.

ReEMARK A.3. From the proof it is obvious that if o, <O for each ¢t €0, T]
then w <0.

ProrOSITION A.4. Let (I)-(1I1) hold and let w, 8 be given by Proposition A.2.
For each w,> w there exist K, >0 (i = 1,2,3) such that for each A € v, + S, and
t,s €[0, T] we have:

(A4) [(A(s) = AR A A(s) ey = K|t — s |7,
(A.5) | R A, A@)) = R (A, A())||ece én—lfz—w, [t—s|,
(A.6) IR A~ R AG))eern = Kslt —s |

If moreover A€ h*(0, T; L(F, E)) then for given & > O there is 8. > 0 such that if
|t —s|<8. then (A.4), (A.5) and (A.6) hold with K,=K,=K;=¢.

Proor. In a similar fashion as in the proof of (A.3) we deduce that given
;> w there is ¢; >0 such that

(A7) IR, A)||ewr = ¢

for each A € w+ S, and t €[0, T], hence from (III) we get (A.4). As we can
write

R(L A1) = R(A A(s)) = R(A, A1) (A1) = A(s))R (A, A(s))
from (A.2) and (A.4) we get (A.5) and from (A.4) and (A.7) we obtain (A.6). The

last part of the proof is obvious.
By virtue of Propositions A.2 and A.4 we can state the following

PrRoOPOSITION A.S. By substituting (if necessary) A(t) by A(t)— 8I (where § is
a real number such that § > w) we can suppose that (IV) of section 1 is verified
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and that the estimates (A.4)(A.6) hold with »,<Q. In this case we have the
following properties for A(t):

if ReA =0, then A € p(A(t)) and

(A8) o

IR, A@)) |2 = T l‘)l ( for each t €]0, T,
(A9) JAOA(s) - ¢y =K |t —s|* fort,s €]0,T],
(A.10) ifA € S,and s €[0, T), then A € p(A(1)),

nRu,A(z»nmé,TM,

and | ROLA®) = RO, AGS) e é,’—f—, 1= s

ProofF. To prove (A.8) it is sufficient to note that, as w <0, we have

sup A .

Re AZ0 ’A —(0|

hence (A.8) is a consequence of (A.2). (A.9) follows from (A.4) with A =0.
(A.10) derives from (A.2) and (A.5) since

b A —w

‘ <ec,
In section 4 we used the following results:

PROPOSITION A.6. Foreacht €[0, T}, let A(t) be the generator of an analytic
semigroup £ — ¢ and let (IV) of section 1 hold; then there are constants M
(k =0,1,---) and K, such that for each t,s €[0, T] and £ =0 we have

(A 11 [[£4 A (£) e " [loe) = M (k=0,1,---),
(A12) ”el\(x)§ -—em)": “y(E)gK(z't -8 ,u.
From this it follows that (¢, 1, x)— e "“x is continuous from R, X [0, T} X Eto E.

Proor. Let us recall (see for instance Kato [6]) that for t,£ >0 we have

At 1 A, 1 z
a1 =L [ oroa0a -5k | er(2a0)F

where y=y.Uy-U7v., v-={A;A =pe™,p=¢}, 6,€(n/2,8], ¢ >0 and
v. ={A;A =¢ee”,|@|=6,}. From (A.10) it follows that

M([™ d M (%
AlnE =M pcose, AP ¢ cos @
Me ".‘f(E)— - J; e ' 0 +27r o, e dqo
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from which we obtain (A.11),. In addition, from (A.13) we get

A()e 0 === f e* A(t)R (A, A(1))dA

1L v __1_f v
=5 J M “ROLA@)N — 5 | e*dd

— __1_‘ AE
=5 f Ae™R (A, A(t))dA.
By using (A.10)

+ 0,
”A(t)e/\(x)f ”—‘f(E)é}Mf e&pcosfi,dp _‘__2%_ f ce rgcos¢d¢
£ -6,

hence for ¢ =0

M

[A(E) e || ey §M J'u e hdp = ————
T Jo m|cos 6, | £

which gives (A.11),. The estimates (A.11). for k > 1 can be proved by induction.
To prove (A.12) we can use (A.13) and obtain by virtue of (A.10)

4% 0,
,é[&f L I

”el\(r)§ - eA(s)g
T p 27 e

from which (A.12) follows. To get the last part of the theorem, it is sufficient to
use (A.12).

PROPOSITION A.7. Let the assumptions of Proposition A.5 hold. Then the
function t—>A7'(t) is in C“(0,T;%(E,F)). If in addition t— A(t) is in
he(0, T; #(F,E)), then t > A7'(t) is in h*(0, T; £(E, F)).

PrROOF. As we can suppose o <0, it is sufficient to put A =0 in (A.6).

PRrROPOSITION A.8. The hypotheses on A(t) given by (I)-(IV) of section 1 are
equivalent to the following assumptions (of Tanabe [19] and Sobolevski [16]):

(A) For each t €0, T], A(t) is a closed linear operator in E with a domain F
dense in E and independent of t. Set ||-|lr =1l [|o.,-

(B) For each t €[0, T], the resolvent set of A(t) contains the half plane
Re A 20 and

(A.14) IR (A A@)||er) =

1+|AI, RCAEO, IE[O,T]

(C) Thereexist 0< a <1 and K,> 0 such that for ReA Z0and t,s €[0, T]:
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(A.15) I(AGs) = AEDR A, A(s) ey = Kif £ = s |

ProoF. Let us first prove that we can obtain (I) and (IV) from (A) and (B).
Let (A.14) hold and choose p, € ]0,inf(1, M,)[. Set m =p 'V M;—p’ for each
p €10, pi.

If A\eS={A=x+iy;mx+|y|+1=0} then there is Ao =iy, verifying
[A — Ao = dist(Ao, S) so that

1+]yo 1+
(A.16) II\_A"I:\/ll%nlfp( Ml o)
1

’

hence |A — Ao| || R (Ao, A(t))|¢e) = p < 1. From this follows A € p(A(f)) and by
virtue of (A.16)

IR, A(t))llm)—”—&)“’—”\ﬂlug(g)_l L TH[Ao[H[A=Ag 1

p 1+] o] TTH]A]
M+p 1
“1-p 1+r]’
hence
A1) IROAW e =Ty where Mi=H=E

As Mi>M,, (A.17) holds also for Re A = 0.
Now we can conclude that (I) and (IV) are true with w = — p,/VMi—pj3,
8 €)w/2, 7] such that tg6 = 0" and

M = sup Mi]A o]

rewrs, L1H|A]

Let us deduce now (II) and (II) from (A), (B) and (C). Given s €[0, T] and
y € F, set x = A(s)y. From (C) with A =0 and ¢t €[0, T] we get

(A.18) [AGs)y =A@y = kit = s|* [ AGs)y .

Now

(A19) yllow, =Ny I+TAGY I +1AG)y - Ay =+ KTy b,

from which (II) follows. Finally, by using (A.18) and (A.19) we obtain:
1AG)y =A@yl = Kilt =s[* [y lov., = Kilt = s [* A+ ki Ty [lr,

i.e. condition (III).
To prove that (I)~(IV) imply (A}(B)~(C) it is sufficient to use (A.8) and (A.4).
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